Let p be an odd prime number. We relate the algebraic notion of a mod-p formal group law and the topological notion of a mod-p oriented ring spectrum. It is shown that there exists a universal mod-p oriented ring spectrum MOp which splits as a wedge sum of Eilenberg-MacLane spectra. The mod-p Eilenberg-MacLane spectrum is shown to be the universal mod-p oriented ring spectrum with an additive mod-p formal group law.
Introduction
The pioneering work of Quillen [5] ties algebraic topology to formal group laws in ways which are still actively pursued. One of the main results in [5] states that the coefficient ring MU * of complex cobordism is a classifying object for formal group laws in the category of rings. Quillen's proof makes use of a formal group law on MU * affording a map L → MU * from the Lazard ring, which is shown to be an isomorphism. A related notion is that of a mod-p formal group law for a prime number p. Throughout this paper p is an odd prime. One of our aims is to introduce mod-p orientations of spectra and relate this notion to mod-p formal group laws.
For motivation we recall that a mod-2 formal group law F over a commutative F 2 -algebra R is a formal power series F (x, y) ∈ R[[x, y]] which in addition to the usual associativity, commutativity and identity conditions satisfies the "2-torsion condition" F (x, x) = 0. The mod-2 Lazard ring L 2 is rigged such that mod-2 formal group laws over R are in bijection with ring maps L 2 → R. On the topological side, the unoriented cobordism ring MO * acquires a mod-2 formal group law. By universality there exists a map L 2 → MO * which is an isomorphism [5] . In addition there is the notion of real oriented spectra for which MO is the universal example. These results are precursors to the Conner-Floyd isomorphism for unoriented cobordism
We are interested in odd-primary analogous of the results described in the above.
Suppose E is a ring spectrum in the stable homotopy category SH and E 0 is an F palgebra. Then a mod-p orientation of E comprises an ordinary complex orientation class c ∈ E 2 (CP ∞ ) together with a class e ∈ E 1 (K(F p , 1)). The lens space K(F p , 1) represents the functor H 1 (−; F p ). Let ι : S 1 → K(F p , 1) be a map representing the canonical generator of H 1 (S 1 ; F p ). For the class e we require that it maps under ι to the class of E 1 (S 1 ) corresponding to the unit in E 0 under the suspension isomorphism. We shall relate mod-p orientations of E to mod-p formal group laws and the formal group Spf(E 2 * (CP ∞ )) (this is a group object in the category of formal schemes). The complex orientation determines a formal group law F over the even coefficient ring E 2 * . Recall that Spf(E 2 * (CP ∞ )) has height ∞ if the p-series
[p] F of F vanishes. This notion of height is independent of the chosen orientation class. It is worth noticing that every point in Spec(E 2 * ) induces a formal group of infinite height over its residue field.
We show the following conditions are equivalent for E as above.
• E is mod-p oriented.
• E is complex oriented and the formal group Spf(E 2 * (CP ∞ )) has height ∞.
• The homology theories E * (−) and HF p * (−) ⊗ Fp E * are isomorphic.
The second condition explains the role of the orientation class e in E 1 (K(F p , 1)) in terms of formal groups. One can give another explanation of its presence in terms of the mod-p Eilenberg-MacLane spectrum HF p appearing in the third condition. Combining the insight that HF p should be the universal mod-p oriented ring spectrum with an additive formal group law with the computation of H * (K(F p , 1); F p ) makes this point clear. In fact for every mod-p oriented ring spectrum E we show there is a canonical isomorphism
furnished by the orientation classes c and e. This isomorphism identifies E * (K(F p , 1)) with the exterior algebra on one generator over the formal power series ring E * [[c] ]. It also goes to explain our notation for the orientation classes. As an application of these equivalences we observe that there are no phantom maps between mod-p oriented spectra.
In the last part of the paper we discuss mod-p universal properties. Work of Bullett [1] furnishes an odd-primary Lazard ring L p carrying a universal mod-p formal group law. First we made precise the statement that HF p is the universal mod-p oriented ring spectrum with an additive formal group law. This involves a discussion of the dual Steenrod algebra. Second we note there exists a spectrum MO p which is universal with respect to mod-p orientations. By construction there is a canonical isomorphism L p ∼ = → MO p * . We end the paper by showing an odd-primary Conner-Floyd isomorphism
The writing of this paper was inspired by analogous questions in motivic homotopy theory. Over certain fields of characteristic zero it turns out that the mod-p motivic EilenbergMacLane spectrum is universal for mod-p oriented motivic ring spectra with an additive formal group law [8] . Although the topological story is more straightforward, the arguments presented in this paper provide a useful blueprint for the motivic setup.
Preliminaries

Formal group laws
For formal group laws and connections with algebraic topology at large we refer the reader to [6, Appendix A] . In this subsection we collect some rudimentary facts.
Let BP be the Brown-Peterson ring spectrum at p. It carries a canonical complex orientation and a corresponding universal p-typical formal group law F u . Recall that BP is universal among complex oriented ring spectra with p-typical formal group laws, and there is an isomorphism
For definiteness we may choose v i to be the ith Araki generator. By convention v 0 = p. Then by [6, (A2.2.4) ] the p-series of F u is given by the formula
Lemma 2.1: A p-typical formal group law F over an F p -algebra has height ∞ if and only if F is additive.
Proof. This follows from the formula (1). 
Spectra
The following lemma applies notably to E-module spectra of the form E∧F for F any spectrum.
Lemma 2.4:
Suppose E is a ring spectrum, M an E-module spectrum and M * is a free E * -module on basis elements b i ∈ M νi . Then there exists an E-module isomorphism
Proof. For every i, let Σ νi E → M be the E-module map which is adjoint to b i : S νi → M . The sum of these maps yields an isomorphism in homotopy.
Let E → F be a map of ring spectra. In general the forgetful functor from F-module spectra to E-module spectra does not have a left adjoint. For M an E-module spectrum we shall employ the following convention: M ∧ E F is defined if there exists an F-module spectrum N together with a map of E-module spectra M → N such that the induced map
Lemma 2.5: Suppose E → F is a map of ring spectra and G a spectrum. If E * G is a free E * -module on basis elements b i ∈ E νi G, then F * G is a free F * -module on basis elements the images of the b i 's under the map E * G → F * G.
Proof. By Lemma 2.4 there is an isomorphism of E-module spectra
Combining this with the above we find isomorphisms
Lemma 2.6: Suppose E is a ring spectrum, M an E-module spectrum and G a spectrum. If E * G is a free E * -module on homogeneous basis elements then the evaluation map
is an isomorphism.
Proof. Lemma 2.4 shows there is an E-module decomposition
Moreover, by adjunction,
Lemma 2.7: Let E and F be ring spectra and suppose E * F is a free E * -module on homogeneous basis elements. Then ϕ : F → E is a map of ring spectra if and only if ev(ϕ) is a map of E * -algebras.
Proof. By adjunction, ring maps from F to E correspond to E-algebra maps from E ∧ F to E. Moreover, by Lemma 2.5,
Applying Lemma 2.6 to M = E and G = F ∧ F yields the result.
Formal group laws and spectra
Lemma 2.8: Suppose E is complex oriented with a p-typical formal group law. Then there is a canonical isomorphism
Applying Lemma 2.5 to the classifying map BP → E yields the conclusion.
Remark 2.9: For any complex oriented ring spectrum E there exists an isomorphism
. This follows from the isomorphism E ∧ BP ∼ = E (p) ∧ BP and the fact that E (p) carries a p-typical formal group law.
If E is complex oriented then there are canonical isomorphisms
Moreover, for b i the dual of x i , in E-homology there are canonical isomorphisms
Suppose F is complex oriented. In E-homology the orientation map
By the normalization condition,
Let x E and x F ∈ (E ∧ F) 2 (CP ∞ ) denote the complex orientations induced by the complex orientations of E and F, respectively. Then we can write
Lemma 2.10: With the notation above we have a i = β i for all i ≥ 1.
Proof. Let µ denote the multiplication map on E ∧ F and 1 F the unit map of F. It suffices to note that a i is given by the composite map
Suppose now that E is p-typical. We wish to analyze the canonically induced map
To begin with we characterize the polynomial generators t i ∈ BP * BP. Denote by x 1 and x 2 in (BP∧BP) 2 (CP ∞ ) the orientations induced by the two canonical ring maps BP → BP∧BP.
Let F 1 and F 2 denote the corresponding formal group laws. With these definitions we may choose t i in such a way that
where t 0 = 1, see [6, Lemma A2.1.26]. The effect of ψ on the coefficients can be read off from the equation
where F E is the formal group law on (E ∧ BP) * induced from E, and (−) −1 indicates the "inverse" with respect to composition of formal power series.
Specializing our analysis to the additive formal group law, we get:
3 mod-p formal group laws and orientations
mod-p formal group laws
The notion of a mod-p formal group law was introduced in [1, Definition 1.8].
Definition 3.1: Suppose R * is a graded commutative F p -algebra. A mod-p formal group law over R * comprises elements
• F (x, 0) = F (0, x) = x (identity)
• F (x, F (x, . . .)) = 0 (the p-fold formal sum; exponent p)
• F 2 is independent of e 1 and e 2 .
We write F = (F 1 , F 2 ) for a mod-p formal group law.
Definition 3.2: Let F and G be mod-p formal group laws over R *
An isomorphism of mod-p formal group laws is a morphism for which x 0 and y 0 are invertible. A strict isomorphism is a morphism for which x 0 = y 0 = 1.
Proposition 3.3:
Let F = (e 1 + e 2 , c 1 + c 2 ) be the additive mod-p formal group law over R * . Then every strict automorphism of F has the form
Proof. Analogous to the case of the additive formal group law over an F p -algebra.
mod-p orientations
Let ι :
Definition 3.4:
Suppose E is a ring spectrum such that E 0 is an F p -algebra for an odd prime p. A mod-p orientation on E comprises a complex orientation c ∈ E 2 (CP ∞ ) and a class e ∈ E 1 (K(F p , 1)) whose restriction under ι is the class in E 1 (S 1 ) corresponding to the unit in E 0 under the suspension isomorphism. A map of mod-p oriented ring spectra is a map of ring spectra which preserves the orientation classes c and e.
For a path-connected space X there is a canonical splitting
Thus the mod-p orientation classes give rise to classes in E 2 (CP ∞ ) and E 1 (K (F p , 1) ).
Lemma 3.5:
A mod-p oriented ring spectrum E determines a mod-p formal group law on the coefficients E * .
Proof. By Proposition 3.6 the map BF p × BF p → BF p induced by addition yields
Denote the images of e and c by F 1 (e 1 , c 1 , e 2 , c 2 ) and F 2 (e 1 , c 1 , e 2 , c 2 ), respectively. Then F 2 (e 1 , c 1 , e 2 , c 2 ) comes from a class in
it is independent of the classes e 1 and e 2 , and F = (F 1 , F 2 ) satisfies the conditions for a mod-p formal group law (the exponent p condition holds because BF p is p-torsion).
Let O CP n (−p) denote the pth power of the tautological complex line bundle over CP n .
There is a closely related notion of mod-p orientations on multiplicative homology theories on spectra, or equivalently cohomology theories on finite spectra, by requiring compatible cohomology classes on the spaces CP n and
O CP n (−p) the zero section. If the multiplicative theory arises from a ring spectrum then the two notions of mod-p orientations coincide. (A multiplicative theory does not necessarily correspond to a ring spectrum in case it supports phantom maps, cf. Corollary 3.8). The following result was used in the proof of Lemma 3.5.
Proposition 3.6: Suppose E is a ring spectrum and c ∈ E 2 (CP ∞ ), e ∈ E 1 (K (F p , 1) ) are mod-p orientation classes. Then there is a canonical isomorphism
Here c is the image of c with respect to the map K(F p , 1) → CP ∞ . More generally,
. . , e n ). 
By comparing with W 0 ⊂ W n and CP 0 ⊂ CP n we find an isomorphism
This concludes the proof because the naturally induced map E * (W n+1 ) → E * (W n ) is surjective for every n ≥ 0.
By duality for the finite complexes W n we obtain dual E-homology generators and a canonical E * -module isomorphism
where |u i | = i, u 0 is dual to 1, u 1 dual to e, u 2 dual to c, u 3 dual to ec, and so on.
Characterizations of mod-p oriented spectra
In this subsection we prove the following characterization of mod-p oriented spectra. Theorem 3.7: Suppose E is a ring spectrum such that E 0 is an F p -algebra for p odd. The following conditions are equivalent.
1. The ring spectrum E is mod-p orientable.
2. The ring spectrum E is complex orientable and Spf(E 2 * (CP ∞ )) has height ∞.
3. The homology theories E * (−) and HF p * (−) ⊗ Fp E * are isomorphic.
Corollary 3.8: Suppose E and F are mod-p oriented ring spectra. Then there are no nontrivial phantom maps between E and F.
For p odd there is a well known graded algebra isomorphism
where the exterior generatorẽ of degree 1 is dual to e andc p i of degree p i is dual to c p i . In view of Theorem 3.7, this isomorphism computes the E-homology of K(F p , 1) in terms of the coefficient ring E * , an exterior algebra and a divided polynomial algebra (both algebras are generated by a single variable).
Proposition 3.9: Suppose p is odd, E a complex oriented ring spectrum for which E 0 is an F p -algebra and the associated formal group has height ∞. Then there is an algebra isomorphism
where
, where v 0 = p, we have HF p ∼ = hocolim n P (n). The assumptions ensure there exists a ring map BP → E sending v i to 0. As in the proof of [7, Theorem IX.2.17] we get an isomorphism
. . , τ n−1 ).
As n varies one can make compatible choices of the τ i 's using degeneration of the AtiyahHirzebruch spectral sequence, cf. [7, Lemma IX.2.15]. Hence the claim follows by passing to the limit as n tends to infinity.
Remark 3.10:
The proof of the corresponding statement in motivic homotopy theory employs different methods [8] .
Corollary 3.11: With the assumptions above there exists a ring map HF p → E.
Proof. This follows from Proposition 3.9, Lemma 2.6 and Lemma 2.7.
Proof of Theorem 3.7. A complex orientation is part of the data for a mod-p orientation. Furthermore since BF p has order p the formal group must have exponent p. Thus the first part implies the second.
Assuming the second part, Corollary 3.11 shows there exists a ring map HF p → E. The induced map of homology theories HF p (−) ⊗ Fp E * → E * (−) is an isomorphism on the coefficients, hence an isomorphism.
For the remaining implication, we note the homology theory isomorphism implies that any mod-p orientation on HF p induces one on E.
Proof of Corollary 3.8. Recall that E → F is a phantom map if the induced map between the associated representing homology theories is trivial. By Theorem 3.7, E splits into a wedge sum of suspensions of copies of HF p . (Note that the wedge sum is indexed by an F p -basis for E * .) Thus by a straightforward reduction we may assume E is a suspension of HF p and F = HF p . In this case our assertion follows from [2, Corollary 1.8].
4 Universal properties
Additivity and mod p-cohomology
Denote by A * = HF p * HF p the dual Steenrod algebra. Fix a spectrum G along with classes in cohomology x : G → Σ n HF p and homology y :
defines an element α ∈ A m−n . On the other hand there is the coaction map
And by applying the pairing
to y and the image of x in HF p * (G) ⊗ Fp A * we obtain an element β ∈ A m−n .
Lemma 4.1: With the definitions above we have α = β ∈ A m−n .
Proof. To begin with we observe there exist isomorphisms
The identification with F p -module maps follows by applying Lemma 2.6 to HF p . It furnishes an isomorphism between HF p * (G) and the F p -dual of HF p * (G). (This holds more generally for the Eilenberg-MacLane spectrum of any field.) In the identification with graded maps in the stable homotopy category we choose the left HF p -module structure on the smash product HF p ∧ HF p .
In terms of spectra the coaction map (3) sends a map γ :
It should be noted that the above yields the coaction defined by Milnor in [4, §4] .
From the above it follows that β is given by the composite (where the last map is given by multiplication on the first and second factors in the smash product)
This finishes the proof by comparison with the definition of α.
Suppose E and F are mod-p oriented ring spectra and denote by e E , c E and e F , c F the induced orientation classes of E ∧ F. Let F E and F F be the associated mod-p formal group laws. Then
e F = e E + σ 1 c E + y 2 e E c E + σ 3 c 2 E + y 4 e E c 2 E + · · · . These power series define a strict isomorphism from F E to F F . Now consider the maps
and so on. By normalization we have β 0 = z 0 = 1. We are ready to state the analogue of Lemma 2.10 for mod-p orientations.
Lemma 4.2:
With the notation above we have α i = β i , i ≥ 1, z i = y i for i > 0 even, and
Proof. This follows as in the proof of Lemma 2.10.
Next we consider the case E = F = HF p with its canonical additive mod-p orientation.
Lemma 4.3: With the notation above there is an isomorphism
The remaining classes α i , i ≥ 1, σ i , i > 0 odd, and all y i , i ≥ 1, are trivial.
Proof. The second part follows directly from Proposition 3.3. For the first part we start out by comparing with the usual generators of the dual Steenrod algebra. Recall from [4] the isomorphism
The generators ξ i and τ i are uniquely characterized by the formulas
Here we use the isomorphism HF p We are ready to state the main result in this paper. It is a precursor and our main motivation for the motivic generalization in [8] .
Theorem 4.4:
The mod-p oriented ring spectrum HF p is the universal mod-p oriented ring spectrum with an additive mod-p formal group law.
Proof. Corollary 3.11 shows there exists a ring map ϕ : HF p → E if E is mod-p oriented. Under the same assumption, Lemma 2.5 furnishes a canonical isomorphism Ring maps of spectra correspond to E * -algebra maps, see Lemma 2.7. Moreover, such maps are in bijection with E-algebra maps from E ∧ HF p to E. The proof of Lemma 4.3 (using the equalities ξ i = α 2(p i −1) and τ i = σ 2p i −1 ) and Proposition 3.3 show that ring maps from HF p to E correspond to additive mod-p orientations on E.
The universal theory and the Conner-Floyd isomorphism
The following result is due to Bullett [1, Theorem 1.9].
Theorem 4.5: Every mod-p formal group law over a graded commutative F p -algebra is strictly isomorphic to the additive formal group law.
As noted in [1, Corollary 1.10] the previous theorem identifies the universal mod-p formal group law. Corollary 4.6: There exists a universal mod-p formal group law on
where s > 0, and r and t run through all i > 0 with i = p j − 1 for any j.
Theorem 4.7:
There exits a mod-p orientation on the homology theory
inducing the universal mod-p formal group law on the coefficient ring L p and a unique ring spectrum MO p modelling the homology theory.
The spectrum MO p is indeed the universal mod-p oriented ring spectrum.
